Abstract: We consider soft gluon emission corrections to the production of a topantitop pair in association with a W boson at the Large Hadron Collider. We obtain a soft-gluon resummation formula for this production process which is valid up to next-to-next-to-leading logarithmic accuracy. We evaluate the soft gluon resummation formula in Mellin space by means of an in-house parton level Monte Carlo code which allows us to obtain predictions for the total cross section as well as for several differential distributions. We study the impact of the soft-gluon resummation corrections in comparison to fixed order calculations.
Introduction
In the second half of 2015, both ATLAS and CMS published measurements of the total cross section for the associated production of a top-pair and a W boson at the Large Hadron Collider (LHC) operating at a center of mass energy of 8 TeV. CMS measured a total ttW cross section of 382 +117 −102 fb [1] while ATLAS measured a total cross section of 369 +100 −91 fb [2] . The two measurements are in perfect agreement with each other but they are about 1.5 σ larger than the next-to-leading order (NLO) prediction for the cross section [3] [4] [5] in the Standard Model (SM). Furthermore, ATLAS measured a ttW cross section of 0.9 ± 0.3 pb at 13 TeV [6] , in agreement with NLO SM calculations. The associated production of a top pair and a W or Z boson are the two processes with the heaviest final states observed to date at the LHC. These processes are interesting because they provide direct information about the coupling of the top quark to the carriers of the weak interaction. A variety of New Physics models predict changes of these couplings with respect to their SM values. In addition, the associated production of a top pair and a W boson can result in events with two leptons of the same sign, jets and missing energy. These events, which are relatively rare in the SM, are exploited in supersymmetry searches.
Recently, some of us applied Soft Collinear Effective Theory (SCET) methods 1 in order to study the associated production of a top pair and a Higgs boson in the SM beyond NLO [8] . From the theoretical point of view, the associated production of a top pair and a W boson is similar to the associated production of a top pair and a Higgs boson and the associated production of a top pair and a Z boson. In [8] , a resummation formula was obtained and all of the elements appearing in the formula were evaluated to the perturbative order needed for predictions at next-to-next-to leading logarithmic (NNLL) accuracy. Among those elements, only the hard function, which receives contributions exclusively from virtual corrections to the tree level partonic processes, is process dependent. The other ingredients appearing in the resummation formula, namely the soft function and the evolution matrices, are insensitive to the nature of the color-neutral boson produced in association to the top pair. The NLO hard functions needed in [8] were obtained by modifying public codes which allow for the automated evaluation of one-loop virtual correction to partonic processes, namely OpenLoops [9] [10] [11] [12] [13] [14] [15] , GoSam [16] [17] [18] [19] [20] , and MadLoop [21, 22] . The information encoded in the resummation formula was employed in order to obtain results that approximate the next-to-next-to-leading order (NNLO) predictions for the ttH cross section and several differential distributions depending on the momenta of the final state particles. However, a numerical implementation of the resummed soft-gluon emission corrections, which is computationally more expensive than the evaluation of the approximate NNLO formulas, was not attempted.
In the present work, we study the resummation of soft gluon emission corrections in ttW production to NNLL accuracy. The final result of our work is a parton level Monte Carlo code which allows us to evaluate the complete resummation formula and to obtain predictions for the total cross section and several differential distributions. This program will serve as a test study for similar codes which we plan to develop in order to study NNLL resummation in ttH and ttZ production. In order to build the resummation formula for the associated production and of a top pair and a W boson, we need the calculation of the process dependent hard functions. We achieve this goal by suitably modifying the public codes OpenLoops and GoSam. Furthermore, we evaluate the resummation formulas in Mellin space, along the lines of what was done in the case of top-pair production in the context of an approach based on SCET methods in [23, 24] . The resummation of the ttW total cross section and invariant mass distribution up to NNLL accuracy was carried out in [25] in momentum space. While the technique employed in [25] allowed the authors to study only the invariant mass distribution, the parton level Mone Carlo code developed for the present work can be used to evaluate several other differential distributions.
The paper is structured as follows. In Section 2, we introduce our notation and we review the salient features of the factorization formula. In Section 3, we provide details on the resummation procedure which is carried out in Mellin space. In Section 4, we describe the matching procedure and discuss the differences between Mellin and momentum space formulas. In Section 5, we evaluate numerically the ttW total and differential cross section at NNLL and approximate NNLO accuracy. After matching both results to the NLO cross section evaluated with MadGraph5_aMC@NLO [26] , we discuss the numerical impact of the soft emission corrections beyond NLO. Finally, in Section 6, we summarize the results and draw our conclusions.
Soft-gluon resummation for ttW hadroproduction
The partonic process underlying the associated production of a top pair and a W boson at the LHC can be written as
where the incoming partons i, j ∈ q,q at lowest order; beyond tree level, also the quark gluon-channel contributes to the process. In (2.1) X indicates partonic final state radiation. If i represents a light up-type quark u (c), then j will represent a down-type light quark d (s), since the W boson couples to an up-type and a down-type quark. In addition we assume the CKM matrix to be equal to the identity matrix in such a way that there is no mixing between different quark generations. We define the Mandelstam invariants aŝ
The soft limit (sometimes referred to as partonic threshold limit or PIM limit, from the acronym of "Pair Invariant Mass", where the latter is lexically inaccurate in our case) is defined by the relation
so that the unobserved final state X consists of soft partons only. In contrast to the production threshold limit, where the partonic center-of-mass energy approaches 2m t + m W , the partonic threshold limit in (2.3) does not impose constraints on the velocity of massive particles in the final state.
The factorization of the QCD cross section in the soft limit is analogous to the one described in [8] for the ttH production process:
where 5) with s the squared hadronic center of mass energy. In (2.4) and in the following, {p} indicates the external momenta p 1 , · · · , p 5 . The various factors appearing in the integrand of (2.4) have the following meaning: The matrix trace Tr[H ij S ij ] is proportional to the spin and color averaged squared matrix element for ttW + X s production through two initial-state quarks with flavors i and j, where X s is an unobserved final state consisting of any number of soft gluons. The (matrix valued) hard functions H ij are related to color decomposed virtual corrections to the underlying 2 → 3 scattering process, and the (matrix valued) soft functions S ij are related to color-decomposed real emission corrections in the soft limit. To leading order in the soft limit, these soft real emission corrections receive contributions from initial-state partons with flavor indices ij ∈ {qq ,qq }; the "prime" in the superscripts indicate that the q is an up-type light quark q is a down-type quark and vice versa. Henceforth we will refer to the channels involving quarks with the generic term "quark annihilation" channel. Channels involving initial-state partons such as qg andqg are subleading in the soft limit; in this paper we will refer to them as the "qg" channel. The soft functions, which arise from the emission of soft gluons from the external legs of the partonic process, depend on singular (logarithmic) plus distributions of the form 6) as well as on the Dirac delta function δ(1 − z). The parton luminosity function f f is defined as
where f i/N is the parton distribution function (PDF) for a parton with flavor i in nucleon N .
Consequently, one can rewrite (2.4) by factoring out of the soft function only the traditional factor 1/z. We follow this strategy when we take the Mellin transform of (2.8) in order to resum soft emission corrections to NNLL accuracy in Mellin space. In order to carry out resummation, one needs to know the soft anomalous dimension Γ H , defined through the renormalization-group equation satisfied by the hard function. These anomalous dimensions do not depend on the nature of the color-neutral boson in the final state. Consequently, the anomalous dimension needed here is the same as the quark-annihilation channel anomalous dimension which can be found in equation (2.20) of [8] .
The hard function, soft function, and soft anomalous dimension are computed order by order by means of perturbative expansions in α s . In order to carry out soft-gluon resummation to NNLL order, one needs the perturbative expansions of these elements to NLO. The quark-annihilation channel soft anomalous dimension needed here was evaluated to NLO in [27, 28] . The NLO soft function for ttW production was first calculated in [25] . The NLO hard function can be built starting from one-loop QCD amplitudes projected on a color basis. The UV renormalized QCD amplitudes involve IR divergences, which appear as poles in the limit in which the dimensional regulator ε = (4 − d)/2 (where d indicates the number of space-time dimensions) vanishes. One needs to subtract the residual IR poles from the color decomposed one-loop amplitudes in order to be able to assemble the hard functions since they are finite quantities. This is done by means of appropriate IR subtraction counterterms [27, 28] , following the same procedure employed in [29] for the top-quark pair production case.
While in [25] the NLO hard function for ttW production was calculated numerically by means of MadLoop, in the present paper we built upon the experience gained in the calculation for the ttH NLO hard function and we evaluated the NLO hard function for ttW production by customizing two of the one-loop providers programs available on the market, GoSam and Openloops. The numerical evaluation of the hard function for the present paper has been performed by using Openloops run in combination with Collier [10] [11] [12] [13] [14] . Results have been cross-checked by means of GoSam in combination with Ninja [20, 30, 31] .
Resummation in Mellin moment space
By combining the information encoded in the NLO hard function and soft function with the solution of the renormalization group (RG) equations that they satisfy, it is possible to resum logarithms of the ratio between the hard scale µ h (which characterizes the hard function) and the soft scale µ s (which is characteristic of the soft emission) up to NNLL accuracy. When this is done, the differential hard-scattering kernels
(where we dropped {p} from the list of arguments of C ij ) can be expressed in resummed form as
The anomalous dimensions and evolution matrices appearing in (3.2), as well as the Laplace transformed soft functions are the same as in [8, 25] . If the hard function and soft function are evaluated at their characteristic scales µ h and µ s , they are free from large logarithmic corrections and can be safely evaluated at a given fixed order in perturbation theory. Large logarithmic corrections depending on the ratio µ h /µ s are resummed in the evolution matrices U. When the resummation is carried out in momentum space, one should carefully and judiciously choose the value assigned to µ h and especially to µ s . While, in some instances, the logarithmic corrections depending on the ratio µ h /µ s are not so large that they spoil the convergence of a fixed order expansion in α s , soft gluon emission effects still provide the bulk of the corrections at a given perturbative order. In those cases, it makes sense to employ the resummed hard scattering kernels in order to obtain approximate formulas which include all of the terms proportional to plus distributions up to a given power of α s in fixed-order perturbation theory. This was the approach followed for example in [8] for the study of ttH production. Also in this work approximate NNLO formulas including all of the plus distributions proportional to α 2 s are obtained and evaluated numerically. The results are matched to complete NLO calculations obtained by means of MadGraph5_aMC@NLO (indicated by MG5 aMC in the rest of the paper) [26] and are labeled for convenience "nNLO" predictions. We are able to obtain numerical results at this level of accuracy for the total ttW cross section as well as for several differential distributions. A detailed description of what is included in the nNLO predictions, in particular in relation to the terms proportional to α 2 s δ(1 − z) and to power suppressed terms which can be reconstructed in part by means of SCET based methods, can be found in Section 3 of [8] and we do not repeat it here. The matching procedure to NLO calculations is described in Section 4.
However, the main result of the present paper is a numerical implementation of the resummation to NNLL accuracy. For this purpose we developed an in-house partonlevel Monte Carlo code which allows us to evaluate several differential distributions in a single run. The associated production of a top pair and a W boson in the soft limit involves only the quark annihilation channel; consequently the corresponding Monte Carlo code requires comparatively limited running time with respect to other processes such as ttH and ttZ production. For this reason the program we developed and optimized for this work provides a valid template which can in principle be extended to the evaluation of NNLL resummation corrections to ttH and ttZ production.
The NNLL resummation for the ttW production process was already carried out in momentum space in [25] . In that work, the authors did not develop a parton level Monte Carlo but obtained predictions for the total cross section at the LHC for center of mass energies of 7, 8, 13 and 14 TeV and the invariant mass distribution at 8 and 13 TeV. In this work we decided to carry out the resummation in Mellin space, following the procedure adopted in [23, 24, 32] . In the rest of this section we describe the various elements which enter the resummation formula in Mellin space.
The Mellin transform of a function f and its inverse are defined by
The constant c in the extrema of integration of the inverse Mellin transform is chosen so that the integration contour lies to the right of all singularities of the functionf (N ). The total cross section of (2.4) can be rewritten as
wheref f is the Mellin transform of the luminosity while
In (3.5) we showed explicitly the parton indices i, j and we neglected terms suppressed by powers of 1/N , since the soft limit z → 1 in momentum space corresponds to the limit N → ∞ in moment space. Furthermore, we introduced the shorthand notation N = e γ E N . Equation (3.5) was obtained from (3.1) by assuming that the scale µ is not chosen at the partonic level in momentum space, so that does not depend on z.
One can then derive and solve the RG equations for the hard and soft functions in (3.5). This allows one to evaluate the hard and soft functions at suitable values of the hard scale µ h and soft scale µ s , where large logarithms are absent. Subsequently, one can use RG evolution to obtain the hard scattering kernels at the factorization scale µ f . The RG-improved hard-scattering kernels can be written as
The large logarithms of the ratio of mass scales are exponentiated in the evolution matrix in Mellin space, U. The evolution matrix, which enters in (3.6), can be obtained in a straightforward way and it is similar to the one employed in the study of top-pair production in the quark annihilation channel [23] : it reads
The exponential in (3.7) is diagonal in color space; the terms in the exponent are defined as
where γ in the second equation in (3.8) indicates either Γ cusp or γ φ and the QCD β-function is defined as
The color non-diagonal part of the evolution matrix in (3.7) is the matrix
The matrix γ h is the non-diagonal part of the hard function anomalous dimension for the quark annihilation channel, which depends on the scalar products p i · p j (i, j ∈ {1, · · · , 4}), and consequently, on the top mass 2 m t . The integrals in (3.8,3.10) are evaluated up to a given order in α s ; in particular, if one is interested in carrying out the resummation to NNLL, the cusp anomalous dimension Γ cusp in (3.8) must be evaluated to 3 loops, while γ h and γ φ must be evaluated to 2 loops. When one evaluates the resummation formulas in momentum space, as it was done in [29] , the results of the integrals in (3.8,3.10) are expressed in terms of α s (µ f ), α s (µ s ), and α s (µ h ). This is convenient since in that approach the soft scale is a real number depending on the event kinematics. When the resummation is carried out in Mellin space instead, the soft scale is chosen to be µ s ∼ M/N , and it is a complex number since one will ultimately need to integrate over the complex N variable. For this reason, it is more convenient to re-express α s (µ f ) and α s (µ s ) in terms of α s (µ h ) by using the perturbative evolution of the strong coupling constant up to 3-loop order, which can be found for example in [33] . In this way, the large logarithms of the ratio µ h /µ s appear explicitly in the formula for the evolution matrix, which reads
where
The explicit expressions of the leading logarithmic (LL) function g 1 , the next-to-leading logarithmic (NLL) function g 2 , and the NNLL function g 3 can be easily derived. The resummed formula for the hard scattering kernel to all orders, (3.6), is independent of the hard and soft scales. However a residual dependence on those scales is present in any numerical evaluation of (3.6), which must rely upon a truncation of the various factors at a given logarithmic accuracy. In order to keep the hard and soft functions free from large logarithms, it is reasonable to chose µ h ∼ M and, as mentioned above, µ s ∼ M/N . With this choice of µ s however, one runs in a well known problem: a branch cut for large values of N is found in the resummed hard scattering kernel. This branch cut is related to the existence of a Landau pole in the running of α s . The branch cut leads to ambiguities in the choice of the integration path when one evaluates the inverse Mellin transform; in this work we choose the integration path following the Minimal Prescription (MP) of [32] .
Approximate and resummed formulas
In this Section we describe in some detail the difference between the various implementations of the approximate and resummed formulas which we evaluate numerically in Section 5.
Approximate formulas for the hard scattering kernel in momentum space can be easily obtained from (3.2) by first setting µ h = µ s = µ f . In this way, the evolution matrices U become equal to the identity matrix, and the factor η vanishes. Therefore in this case the hard scattering kernel can be written as
By evaluating the hard and soft function to NLO it is possible to obtain approximate NLO formulas, which include the complete set of plus distribution of the form
(with n = 0, 1) and the delta function of argument (1 − z) at O(α s ) with respect to the tree level. By employing the RG equation satisfied by the soft function and (4.1), one can also obtain approximate NNLO formulas of the same kind as the one obtained for ttH production in [8] . At O(α 2 s ) with respect to the tree level, the approximate NNLO formulas include the complete coefficients of the distribution functions in (4.2) (for n = 0, · · · , 3), as well as the scale dependent part of the coefficient of the delta function. The approximate formulas include also a subset of the terms which are subleading in the soft limit. Since these subleading terms are exactly of the same kind as the ones included in the formulas for ttH production found in [8] , we refer the interested reader to Section 3 in that paper for a detailed description of the origin of these subleading terms. Finally, the approximate NNLO formulas are matched to the complete NLO calculations carried out with MG5 aMC. For example, for the total cross section the matched prediction is obtained as follows:
The last term in (4.3) avoids double counting of NLO terms proportional to plus distributions and delta functions, which are included in both the NLO and the approx. NNLO cross section. All of the terms in (4.3) must be evaluated with NNLO PDFs. In (4.3) and in the following we indicate matched NLO + approx. NNLO calculations with the symbol nNLO. Similar approximate NNLO formulas can be obtained from the hard scattering kernel in Mellin space, which can be found in (3.6). Also in this approach, in order to obtain an approximate NNLO formula one needs to exploit the RG equation satisfied by the soft function to determine the prefactors of the logarithms of the soft scale to NNLO, and then one must set µ h = µ s = µ f in (3.6). Ultimately, it is necessary to calculate the inverse Mellin transform of the powers of lnN found in the approximate formula in Mellin space. In particular, the inverse Mellin transform from Mellin space to z space leads to the following replacements
The approximate NNLO formulas obtained from the Mellin space approach can then be matched to the complete NLO calculations through (4.3). In Section 5 we show numerically that the evaluation of the nNLO formulas in the two approaches illustrated above leads to results which are numerically very close to each other; this is due to the fact that [34] 1 2πi
One can recognize the z dependent factor at the end of (4.1) in the r.h.s. of (4.6).
The main goal of our work is to evaluate numerically the total and differential ttW cross section to NLO+NNLL. Consequently we developed an in-house parton level Monte Carlo code which can evaluate numerically the hard scattering kernel (3.6) and subsequently evaluates the inverse Mellin transform of (3.4). The number obtained in this way is the NNLL total cross section, which depends on the specific
In order to match the NNLL resummed cross section to the NLO cross section one needs the approximate NLO cross section in Mellin space, which can be evaluated as discussed at the beginning of this section, as well as the full NLO cross section evaluated with MG5 aMC. The latter two quantities will depend on κ f . Finally, NLO+NNLL predictions are obtained as follows
By subtracting the last term in (4.7) one avoids the double counting of the tree level and of the terms proportional to the plus distributions and delta function at NLO, which are included in both the NLO and the NNLL cross section. As in (4.3), all of the terms in (4.7) must be evaluated with NNLO PDFs. Finally, in order to asses the impact of the resummed terms which are of O(α 3 s ) and higher with respect to the tree level, we also evaluate the NNLL formulas expanded to NNLO. These calculations, which appear only in Table 2 and Figure 5 , are carried out simply by re-expanding the various elements in (3.6) to NNLO, and by then taking the inverse Mellin transform. These results are different from the ones obtained from the nNLO formulas described above, since they do depend on the choice of µ s and µ h as well as µ f .
Numerical analysis
With the formalism described in the previous sections, we are able to calculate the cross section for the associated production of a top pair and a W boson both to approximate NNLO and to NNLL accuracy. Numerical predictions for the total cross section and several differential distributions were obtained by means of a dedicated Fortran program. With respect to the code which was developed for the study of the associated production of a top pair and a Higgs boson [8] in order to evaluate the complete NNLL resummation formulas and not only the nNLO corrections.
In the following two subsections we collect our results for the total cross section and for some inclusive differential distributions, respectively. In both cases, we first try to assess to what extent the soft emission limit M → √ŝ provides a good approximation of the known complete NLO results. Experimentally measurable observables such as the total cross section or differential distributions at their peaks are also sensitive to regions of phase space far away from the soft limit. However, the soft limit is dominant also in those cases if the mechanism of dynamical threshold enhancement [29, 34] occurs. This simply means that the parton luminosities appearing in (2.4) must drop off quickly enough away from the soft limit region, so that an expansion under the integral of the partonic cross section in the soft limit is justified. For this reason we compare approximate NLO results with complete NLO results obtained from MG5 aMC. The approximate NLO results are obtained by re-expanding the NNLL resummed partonic cross section to NLO; consequently they reproduce completely all of the terms singular in the z → 1 limit in the NLO partonic cross section, but they miss terms which are subleading in the soft limit. In all cases considered in this work, we observe that the soft approximation works quite well at NLO. While this fact does not immediately imply that the same is true at NNLO, it is an important sanity check nonetheless. In addition, we also study the comparison of the approximate NLO predictions with the NLO calculations carried out by excluding the contribution of the quark-gluon channel. In fact, the quark-gluon channel, which contributes to the observables starting from NLO, is subleading in the soft limit and as such it cannot be reproduced by the approximate formulas. We found that the contribution of the quark-gluon channel to the NLO cross section is small but not completely negligible numerically. In particular, the quark gluon channel changes slightly the shape of the distributions. As expected, the NLO cross section without the quark gluon channel contribution is in very good agreement with the approximate NLO calculations in the soft limit.
After these preliminary studies, we present the cross section and differential distributions at nNLO and NNLL accuracy matched to the full NLO prediction, which represent the main results of this work. It is important to observe that the contribution of the quark-gluon channel at NLO is included in both the nNLO and the NLO+NNLL predictions through the matching procedure. Since the associated production of topquark pair and a W boson was already measured at the LHC operating at both a center of mass energy of 8 TeV as well as at 13 TeV [1, 2, 6], we consider both collider energies in our analysis. The parameters we employed in the numerical calculations are summarized in Table 1 .
We discuss now the choice of the scales employed in the numerical calculations. Since all of our calculations are based upon a factorization formula derived in PIM kinematics, we set the factorization and renormalization scale in all calculations equal to the invariant mass M of the massive particles in the final state (i.e. the top pair and the W boson). We follow the traditional procedure of estimating the perturbative uncertainty associated to the missing higher order corrections by varying the renormalization/factorization scale in the range [M/2, 2M ].
In the resummed formulas, however, one also needs to choose the hard scale µ h and the soft scale µ s . Following the approach employed in [23, 24] for the case of top-quark pair production, we choose µ h = M and µ s = M/N . With this choice of µ s , SCET resummation is performed at the level of Mellin-space partonic cross sections; the scales resummed here are the same ones which enter in the "direct QCD" approach to resummation [35, 36] . The scale uncertainty associated with the NLO+NNLL predictions is evaluated as follows: Every scale in the resummed partonic cross section is separately varied in the interval [µ i,0 /2, 2µ i,0 ], where i ∈ {f, h, s} and the subscript "0" indicates the reference value chosen for that scale. Subsequently, for each observable (the total cross section or the value of the cross section in a particular bin of a differential distribution) one evaluates 
Total cross section
The values of the total cross section for the production of a tt pair and a W + boson at the LHC operating at a center of mass energy of 8 TeV are shown in By comparing the 3rd and 5th line of that table one can observe that the complete NLO cross section is larger than the approximate NLO cross section by 4.8%. The NLO cross section without the quark-gluon channel contribution, which can be found in the 4th line of the table, is slightly smaller than the complete NLO cross section. The approximate NLO cross section (5th line) and the NLO cross section without the quark-gluon channel contribution (4th line) differ by only 1.8%. The scale uncertainty found in the approximate NLO calculation is similar to the uncertainty affecting the full NLO calculation, but also almost identical to the scale uncertainty found by excluding the contribution of the quark-gluon channel from the NLO prediction. Indeed, it is a known fact that the NLO quark-gluon channel contribution has a relatively large impact on the NLO scale uncertainty. We stress once more the fact that contribution of the quark-gluon channel at NLO is included in both the nNLO and the NLO+NNLL predictions through the matching procedure.
Very similar conclusions can be drawn by comparing complete NLO results, NLO results without the quark-gluon channel, and approximate NLO results for the production of a top pair and a W − boson at 8 TeV (Table 3) , as well as for the production of ttW + at 13 TeV (Table 4) , and for the production of ttW − at 13 TeV (Table 5 ). These observations motivate us to carry out the analysis of the total cross section to nNLO and NLO+NNLL.
The nNLO calculations can be either carried out in momentum space (where the soft function is calculated in Laplace space), following the same procedure employed for the associated top-pair and Higgs boson production in [8] , or by re-expanding the NNLL resummation formulas in Mellin space to NNLO after setting all scales equal and by subsequently performing an inverse Mellin transform. For the LHC operating at a center of mass energy of 8 TeV we followed both procedures in order to compare the results. As it can be seen by looking at Tables 2 and 3 , the nNLO total cross section calculated in momentum space (6th line) and Mellin space (7th line) are almost identical for what concerns both the central value and the scale uncertainty. This fact is not unexpected, because it is known that the soft function, as written in (2.4) partonic cross section in Mellin space, differ only by terms of order (1 − z)
2 . For this reason in the following we consider only nNLO calculations carried out starting from the resummation formula in Mellin space. For all of the cases which we consider in this work (ttW + and ttW − production at both √ s = 8 TeV and √ s = 13 TeV) the nNLO cross section is 4 to 7 % larger than the NLO one, and it is affected by a residual scale uncertainty which is roughly a bit more than half of the one affecting the NLO cross section.
The total cross section at NLO+NNLL can be found in the last line of Tables 2-5. The NLO+NNLL cross section is always slightly larger than the nNLO one, and it is 5 to 9% larger than the corresponding NLO cross section. The residual scale uncertainty affecting NLO+NNLL calculations is in all cases a bit smaller than the one found at nNLO. At the same time the NLO+NNLL cross sections has a residual scale uncertainty which is ∼ 35% of the NLO scale uncertainty. For ttW + production at 8 TeV (Table 2) we also compared the NLO+NNLL and the NLO+NLL calculations; we observe that the NLO+NNLL cross section is larger than the NLO+NLL cross section by about 3%, while, as expected, the perturbative uncertainty at NLO+NNLL is slightly smaller than the perturbative uncertainty at NLO+NLL. By comparing the last two lines of Table 2 it is possible to assess the impact of the resummed corrections beyond NNLO. The NLO+NNLL cross section is larger than the NLO+NNLL expanded to NNLO by less than 2%. The scale uncertainty interval in the resummed prediction is marginally smaller than the expanded one.
In summary, we can conclude that the soft emission corrections accounted for in the nNLO and NLO+NNLL calculations of the total cross section for the associated production of a top pair and a W boson lead to a moderate increase the central value of the cross section, which remains in the scale uncertainty bracket obtained from NLO calculations. At the same time a moderate decrease of the residual scale uncertainty is observed when comparing nNLO and NLO+NNLL predictions with the corresponding cross section evaluated at NLO.
Differential distributions
In principle, the approach adopted in this work allows us to calculate any differential distribution which depends on the momenta of the massive particles in the final state. We evaluate some of these distributions by employing standard Monte Carlo methods. In particular, when we evaluate the nNLO or NLO+NNLL corrections to the total cross section in (2.4) , we use the phase-space and four-momenta parameterizations described in Section 2 of [8] in order to obtain predictions for binned distributions. In this subsection we consider the following differential distributions:
• Distribution differential with respect to the invariant mass of the massive final state particles, M .
• Distribution differential with respect to the invariant mass of the top-quark pair, M tt .
• Distribution differential with respect to the transverse momentum of the W boson, p W T .
• Distribution differential with respect to the transverse momentum of the top quark, p t T .
The scale choices employed in the evaluation of the various distributions presented below have been described at the beginning of Section 5. While these choices are particularly suitable for the evaluation of the final state invariant mass distribution, for simplicity we evaluate all of the distributions that we discuss here with the same scale choices. Since detailed phenomenological analyses might require different scale choices for differential distributions other than the invariant mass distribution, our code can evaluate observables for an arbitrary choice (fixed or dynamical) of the scales. However, since we get all of the differential distributions in a single run of the partonlevel Monte Carlo, we decided to evaluate them all by employing the same scale choices. In addition, to evaluate each differential distribution with different scale choices would require a much longer running time.
We start by comparing the approximate NLO distributions with the complete NLO calculation of the same observables carried out with MG5 aMC. production at the LHC operating at a center of mass energy of 8 TeV. The factorization/renormalization scale has been fixed to M and varied, as usual, in the range [M/2, 2M ]. We see that the approximate NLO distributions (in blue) are reasonably close to the full NLO distributions (in red), and have uncertainty bands that are smaller than but comparable to the ones found in NLO calculations. We also observe that the approximate NLO calculations tend to be slightly smaller than the complete NLO ones. However, in each panel the lower plot shows that the ratio of the approximate NLO over the full NLO (evaluated at µ f = M ), represented by the histogram in blue, is not completely flat. On the contrary, by looking at Figure 2 one can see that if one excludes the contribution of the quark-gluon channel from the NLO distributions, the approximate NLO calculation reproduces quite well also the shape of the distributions: The approximate NLO result is very close to the NLO one (without the quark-gluon channel contribution) in each bin. at approximate NLO are almost identical to the NLO bands without the quark gluon channel.
Keeping in mind that the NLO contribution of the quark-gluon channel is included in the NLO+NNLL calculations through the matching procedure, we consider now the predictions for the differential distributions at NLO+NNLL. Figure 4 compares the NLO+NNLL distributions (blue bands) to the corresponding NLO+NLL distributions (red bands). NLO+NNLL calculations give slightly larger results than the NLO+NLL ones. The NLO+NNLL uncertainty bands are narrower than the NLO+NLL bands in each bin, and in particular in the tail of the distributions. This shows that while NLO+NLL is already an improvement over NLO, the higherorder resummation effects contained in the NLO+NNLL result are not insignificant.
Finally we conclude our analysis of ttW + production at √ s = 8 TeV by comparing NLO+NNLL, nNLO and NLO+NNLL expanded predictions in Figure 5 . This figure shows the ratio, separately for each bin, of the distribution to the NLO+NNLL calculation evaluated with default choices of all scales. The blue band refers to NLO+NNLL calculations, the dashed red band to nNLO calculations and the dashed black band to the expansion of the NLO+NNLL resummation formula to order α ison of the NLO+NNLL band to the NLO+NNLL expanded band shows the impact of the terms of relative order α 3 s and higher, which are included in the NLO+NNLL calculation but are excluded from the NLO+NNLL expanded one. One can observe that these terms have the effect of increasing slightly the distributions bands in all bins. We thus conclude that, in contrast to the case of of tt production [23, 24] , the beyond NNLO resummation effects are relatively moderate even in the high-energy tails of the 
distributions.
The same features discussed above for the case of ttW + production at √ s = 8 TeV are observed in the case of ttW − production at √ s = 8 TeV and for the same two processes for the LHC operating at a center of mass energy of 13 TeV. Our best predictions for the differential distributions considered in this work are the ones obtained through NLO+NNLL calculations. For this reason we conclude this section by repeating the analysis of Figure 3 also for the case of ttW − production at √ s = 8 TeV (Figure 6 ), ttW + at √ s = 13 TeV (Figure 7) , and ttW − at √ s = 13 TeV (Figure 8 ).
Conclusions
In this paper we studied the resummation of the soft gluon emission corrections to the associated production of a top-quark pair and a W boson at the LHC. After analyzing the factorization of the partonic cross section in the partonic threshold limit in Mellin space, we collected all of the elements needed in order to implement the resummation of these corrections to NNLL accuracy. The numerical evaluation of the NNLL resummation formula was carried out by means of an in-house parton level Monte Carlo program. This program can be employed to evaluate arbitrary differential distributions depending on the momenta of the massive particles in the final state. In order to validate our method and to test the Monte-Carlo code, we evaluated the total cross section and four different differential distributions. While in this paper we did not include cuts on the final state phase space, arbitrary cuts on the momenta of the final state particles can be introduced in a straightforward way. Additional work along the lines of [38] would allow one to generalize the program in order to account for the decay of the massive particles.
In this way we obtained predictions for the ttW ± production total cross section and differential distributions which are valid to NNLL accuracy and are matched to NLO calculations carried out with MG5 aMC. These NLO+NNLL predictions are the main result of this paper. Since a full evaluation of the complete NNLO corrections to this process is for the moment out of reach, the calculations presented here represent the most precise predictions for ttW ± production available at the moment of writing. This aspect is particularly relevant given the fact that this process has already been measured at the LHC both in Run I and in Run II. The effect of the NLO+NNLL corrections is to increase the total cross section and differential distributions to the upper part of the uncertainty intervals identified by NLO calculations through scale variation. The residual perturbative uncertainty affecting NLO+NNLL predictions is, as expected, smaller than the NLO one in all cases, and in particular in the tails of the distributions.
The calculations and analyses carried out in this work also serve as testing ground for the study of processes such as ttH and ttZ, which are crucial to the LHC physics program. While these processes share many features with the associated production of a top pair and a W boson, they are more complicated because they involve not one but two partonic channels in the soft limit; namely the quark-annihilation channel (also present in ttW ± ) and the gluon-fusion channel (absent in ttW ± ). For these reasons the evaluation of ttH and ttZ is computationally more expensive from the point of view of running time; consequently, it made sense to develop and optimize our method and the in-house parton level Monte-Carlo code by studying ttW ± production. We plan to turn to the calculation of ttH and ttZ production to NLO+NNLL accuracy in future work.
